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Lecture 1a

Introduction
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Lecture 1b

Review on Math



P q P=4q
% m% of
true true true %

true | false || false s, 401
—> 9
false | true true P i Jor @

W
false | false || true % w:% o y?ﬁ v febls

4 % wecw-g dor p
Ly p el e
ite mwffa‘al nbvfg ol

4t. > hidk.



true | true ey | We s p=4 e’
true | false || false [ both ?a«d% Jelof

false || _true rue
false || false rue 2.




\V/ Wl{«w[
4%1&#&%/(
Chor all )

et
;lfum 'rfrmtfb/l

( “He
o is”
s )

(|



i, (EZA/EZAI{%M_i )

i) e

A Sl +he

TFeedene o Zoq zol Ops.

7

I

4

[eZ N feZ

R

<jVI>D

17



é\""\’WW betwean b’ 2l 3
S

7. (3¢ 1e$h 150 © (¥ - 1eSvaten)




J
(SeTpTES)e g7 TESSCT
S Vesv gcU”

J= 113 @g UeTv
G- ULps




Fowe« Q%E 3_
( L]
{ ,’ H 3
:‘{IPS ‘ 2,3%) (lj(; >
S¢ 3
- {,,Z 'z>= (%
,%33 l) |

vl i
ilS, A
[,Z ,
{( 33 "{2,35 {333
2,35 i

s
; el







Lnveteuete = 14, b8 &> 11,2,33

Ve b3 40,235
?, o
1,08, {28 Jtea% 115,108 1¢3%
1D, (628, 1062625, - - -




r={(a1),(b,2), (c, 3), (a 4), (b, 5), (c,6), (d, 1), (&, 2),(f, 3)}

dow (V) = 4, b, ,d, 048

r={(a, 1), (b, 2), (c, 3), (a, 4), (b, 5), (c, 6), (d, 1), (e, 2), (f, 3)}

v&n(v)z{z L ie 1R
= {(@fT), 12), (£3), (a, 4), (b, 5), (c, 6), (d, 1), (e, 2), (f, 3)}

1= {18,020, 6,0, 40,6.5.6,0,
(L), (2.),(3.4%



(f, 3)}
d, 1), (e, 2),

3), (@,4), (b,3), (c, 6), (

(b,2), (c, 3),

r={(a1),

=L ek
a,b3 1= {
o



r=1{(a1), (b,2), (c, 3), (a, 4), (b, 5), (c, 6), (d, 1), (e, 2), (f, 3)}

W@y = { @D, B, Bw, &,8)5
Y dowem-vestaceed o ‘{&9}73

r={(a, 1), (b, 2), (c, 3), (a, 4), (b, 5), (c, 6), (d, 1), (e, 2), (f, 3)}
Y@ 4 12% = 1 2, 4.2, (), ¢,2)F

r={(@ 1), (b 2), (c, 3),(a, 4), (b, 5), (c, 6), (d, 1), (e, 2), (f, 3)}
1,08 @ v = 3 (4,3), (4L, A1), 62, hDS

r={(a, 1), (b,2), (c, 3), (& 4), (b.5), (c.6), (d1), (& 2), (f, 3)}
Yy 1,83 =1063), @Q.9), 0,8, (16 5 (£33




Lecture 1b

Review on Math (continued)
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Injective Functions
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Lecture 2
Part A

Case Study on Reactive Systems -
Bridge Controller
Introduction, State Space, Req. Doc.



T E-Je{t«zrem

- R— Aefbr(’r'(’iovt}\




IMOJ al L‘o«z:jvahq/\/ 'llalaam
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Definition: The state space of a model is

theiset of all possible valuations of its declared constants and variables,
subject to declared constraints. g, 4

Say an ipitial model of a bank system with two constants and a variable:
Ce @ ALe @ A accounts /* typing constraint */
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Bridge Controller:

Requirements Document - >

Bridge Mainland
 ot. Mainland

[60]
o2

ENVj_ The system is equipped with two traffic lights with two colors: green and red.

ENV_Z_ The traffic lights control the entrance to the bridge at both ends of it.
ENVS_ Cars are not supposed to pass on a red traffic light, only on a green one.
ENV4 The system is equipped with four sensors with two states: on or off.

— — - L=

N\ - ‘ ‘& ( Ff

ENV5 The sensors are used to detect the presence of a car entering or leaving the bridge:

- “on” means that a car is willing to enter the bridge or to leave it. 6/‘ =5 t

™ Jommbn
REQ1 The system is controlling cars on a bridge connecting the mainland to an island.
REQ2 The number of cars on bridge and island is limited. ; i - Jpﬁr {a”{
-
o . ( 74”prflaéff?f 774

REQ3 The bridge is one-way or the other, not both at the same time. =




Lecture 2
Part B

Case Study on Reactive Systems -
Bridge Controller
Initial Model: State and Events



Bridge Controller: Abstraction in the Initial Model

\/ REQ2 The number of cars on bridge and island is limited.
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Bridge Controller: State Space of the Inlhal Model

/”Sfa’rlc Part |of Model =
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invariants: | P Mwl‘

variables: n inMOL1:neN
inv02:n<d




T :
Bridge Controller: State Transitions of the Initial Modelzﬂt:o«r;

The number of cars on bridge and island is limited. 74
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constants: d axm0.1:deN
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Before-After Predicates of Event Actions - Pre-State
P - Post-State

- State Transition
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Lecture 2
Part C

Case Study on Reactive Systems -

Bridge Controller
Initial Model: Invariant Preservation



Design of Events: Invariant Preservahon

a

ML out —W4p %" ML_in
_~7begin _~7 begin
n:=n+1 4 n:=n-1
end b end

invariants:
inv0_1:neN
inv02:n<d
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Sequents: Syntax and Semantics

0425 /ASmtptins
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Q. What does it mean when H is empty/absent?
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T : ATMQ =
PO/VC Rule of Invariant Preservation %ﬁ o /’\\ : ]}77/\-%? Eﬁdé
0
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PO/VC Rule of Invariant Preservation: Components
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c: list of constants Iz (<0l>9 5y = MZG(e, v): guards of an event
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PO/VC Rule of Invariant Preservation: Sequents
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Inference Rule: Syntax and Semantics Tt ap i IR
A
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Proof of Sequent: Steps and Structure

Outstanding Sequent to Prove Known Inference Rules

P2

neN - n+1¢eN




Justifying Inference Rule: OR_L

(p=2>R) A (I>R) 5 (s R
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Example Inference Rules HP-R HO-R

OR_L

HPvQ+ R

P1
H 0eN

P2

neN - n+1eN

H+- Q

P2’ DEC
O<nr n-1¢eN n<mrwer n-1<m Hr Pva
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H1 - G
P3 MON
neN+~0<n H1,H2 - G




Discharging POs of original mO: Invariant Preservation

ML_out/invO_1/INV
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Discharging POs of revised mO: Invariant Preservation

ML_out/invO_1/INV

deN
neN
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n<d

=
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deN
neN
n<d
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.
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Lecture 2
Part D
Case Study on Reactive Systems -

Bridge Controller
Initial Model: Invariant Establishment



Initializing_the|Systeni|

Analogy to Induction: Analogy to Induction:
Base Cases = Esfabhshlng Invariants Inductive Cases = Preservmq Invariants

N,
(16,

v"

* The Initialization Even’r ’MM
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PO of Invariant Establishment Y W«MS 7
5 47"‘ w5

Components bEAS o I
ﬁ(é: effect of inits actions

constants: d variables: n

axioms: ./ invariants: / . v = KQC!: BAP of init's actions
axm01:deN Vinvof): neN
inv0@): n<d
e wtliag
o JS-Sae
Rule of Invariant Es’rablishmen’r Exercise: A A/ﬁlm&,

Generate Sequents from the INV rule.

‘44( C) " &?:d fhl? T'em* hot - it /mv0_1/ TV
g Ny

¢,[K(c)) e
o o \_2 T"‘; Mgp‘w %(e A (;(




Discharging PO of Invariant Establishment

deN V4
- init/inv0_1/INV Mox | |- R
—_— DeA
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Lecture 2
Part E

Case Study on Reactive Systems -
Bridge Controller
Initial Model: Deadlock Freedom



PO Ru le: Dea I CK Freedom REQ4 Once started, the system should work for ever.

constants: d variables: n

axioms: invariants:

axm01:deN vinv01:neN
Jinv02:n<ad-

)'\ A(C) (4 o c: list of constants (d

)
pAtK o (A(c): list of axioms (axmo.1)
QC O — Yl qlol*‘PS DLFI° vand v list of variables in pre- and post-states v={(n),Vv = (n)
K === o I(c,Vv): list of invariants (inv0_1,inv0_2)
o( G(c, v): the event's guard
G1 (C@V i Gm(0,® G((d), (n)) of ML_out = n<d, G({d),(n)) of ML.in = n>0
4 @ Tnstosd, weve poritoved Aot ofy theks BiEA g st oA

Exercise: Generate Sequen’r from the DLF rule. FO\. e Gte ]'bff—@ﬂ? o
GALJ Y'A el Tvet] na. | v I
J}f I)ﬂ’ﬁ bf A l;zlclf

e v
d ®>O 2 °P 4‘”‘”’ ”‘MWT—' v | nea




» >
re HI: ]:l&veﬁ Wighoat

H(E),E=F r P(B)g o

L2V T d SPIT=T (3. 43)
Muther Tsedinest =)
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H1|—G H/P+ R HQI—
H1H2|—G HPvO R

deA
= :l\fo)l\]v/l-o( Uow
el v g e v 100 - d |? .
»’Iz v & 411\/
H(F),E=F v P(F) E{LR M{w
H(E),E=F + P(E) .RL el vils0 X :%,




constants: @

axioms:
axm01:deN

aM0-2-d>0

1A
o7

variables: n ML _out

then
n:=n+1
end

invariants:
inv01:neN
inv0 2:n<d

Unprovable Sequent:|-d>0 i / olz_(:z JMDClL hAMf

1¢d>0) = us(ue

(E/Mf‘*" )4<afv 6>O_;géxée_1

@ aanl_l: o eA (wl@e) L ool {1

R

10

( powter stoto v deaollek eedow)




added

Discharging PO of DLF: Second Attempt pmo_72: ol >0

neN
n<dvn=d

l_
n<dvn>0

MON d>0 d>0
el n<d
d-0 - .
B n=d n<dvn>0 mEd
=

n<dvn>0

'
EQ_LR,MON




Summary of the Initial Model: Provably Correct

constants: d variables: n

axioms: invariants:
axm01:deN inv01:neN
axm02:d>0 inv02:n<d

%Co‘rr‘ec"rnéss‘ Cr“ife‘ric‘lz o i
+ Invariant Establishment)
-+ Invariant Preservation

+ Deadlock Freedom
1 1 1 1 1 1 1

]

I I I



Lecture 2
Part F

Case Study on Reactive Systems -
Bridge Controller
First Refinement: State and Events



Bridge Controller: Abstraction in the 1st Refinement

moO: /“\\ﬁgb"“mo \ 0{)

$
initial,” mos’r abstract Db

o Pt gl 2 W . 1;&"?0#

second, more concrete

o gate slz'{{’ At e
vl gaip G0 LBl Siagl

Mainland




Lecture 2
Part F

Case Study on Reactive Systems -

Bridge Controller
First Refinement: State and Events

(continued)



Bridge Controller: State Space of the 1st Refinement

REQ1 The system is controlling cars on a bridge connecting the mainland to an island.
REQ3 The bridge is one-way or the other, not both at the same time. )4 . W,‘]

Dynamic Part of Model _[W%2]

wﬂ“\" P O Cf%
O” JFQM.S L (5 invariants: L 5
Xp/qﬂ {AJ -!nv1_1:aeN =T,
/{ variables: a,b,c :::::ggig@z
] ; *invl4: | ?? .‘.Dtg
20 4= Anyt4
Static Part of Model - _
xercises - W,
S invl_4: linking abstract & concrete states

constants: d

Aimo 5 d~0 | [InvI_B: bridge is one-way
iaant



Bridge Controller: Guards of “old” Events 1st Refinement

constants:

d

axioms:
axm01:deN
axm02:d>0

variables:

ab,c

invariants:
invi1:a¢N
invi2:beN

2

invi3:ceN 0
invid: a+b+c=n
invi5: a=0vc=0

ML_out:

A car exits mainland

(getting on the brldgeL a+|,=\/l<d

T ML _out %ﬁtﬂvm £=0 d
when :'»l\“‘ GZ d b<
27 ¥ ot
then & /
e Z: Y("' l.‘l 22;14;54,0
n Z' ’ _ﬂ’
oY T
ML_in: A car ggiers mainland _
(getting off thebridge). |\yviolpsssal:
e Bl L0l 420
th_efr:?. / Ylfoykﬁ yebaat
end M‘Mc A=0 V (=0

&l



Bridge Controller: Abstract vs. Concrete State Transitions

Abstract mO R
i ML _out ML.i Btk 6& il I
variables: o LB G- n initialized to O

n<d n>0
invariants: then then
inv0_1:neN
n:=n+1 n:=n-1
inv02:n<d ?,ﬁ " end

ML _out

Island
and
bridge

Mainland

ML_in

(o
Concrete m1l M
variables: a,b,c / W

tialized to O

when ML.in
invariants: a+b<d when
invi1:a¢eN c=0 c>0 T
invi2:beN then then T
invi3:ceN . Ci= -1 L
invid: a+b+c=n —>ai=a+1 b o
C =

invi5: a=0vc=0 end end ",E tﬂ



Before-After Predicates of Event Actions: 1st

Refinement

Before—after
predicates

ML in
when

ML out
when
a+b<d
L c=0
@ then
(MP a:=a+1
end

ad=a+1 ANbV=>bA

d=c

- Pre-State

- Post-State
- Sate Transition




States, Invariants, Events: Abstract vs. Concrete

Abstract mO

/ Attt ve

ML_in
when
n>0
then
n:=n-1
end

N variables: n ML _out
obg‘ when
(. QKD‘ . &," e
' invariants: w{ =
" | constants: d inv0.1:neN ——
i inv02:n<d &
. | axioms: \’ _ asz«.
|| amotigen o to 1 as.
|| axm02:d>0 S RECR
Lvarlables a,b,c 4?017
7 ML_in
invariants: / when
B)Afllm invii:aeN c>0
b,(ab invi2:beN then
A ||nv1 3:ceN
invid4: a+b+c=n||
LM&Q{D inv1_5:a=0vc‘=0 end

stop

c=c-1

ML _out (
when

.La+b<d
M ’c=0

then

a=a+1

end

AN

D)

N> Lonlete mwadts Ciavokesf at (Bt fo-



PO Rule of Invariant Preservation in Refinement: Components

Abst t 05 'ﬁ Ml’(AS Concrete m1l flﬁd:fp

i ML out ML in variables: a,b,c L ML out
whep when -n when
n>0 invariants: when a+b<d
invariants: the then invi1:aeN c>0 c=0
inv0_1 {nje N R st !nv1_2:beN then then
inv0 2 inj< d ahdl — siid !“"1—3’CEN c:=c-1 a=a+1
invid: a+b+c=n end end
invi5: a=0vc=0

; (i

v and v': abstract variables in pre-/post-states G(c, v): an abstract events guards
w and w': concrete variables in pre-/post-states  H(c, w): a concrete events guards

I(c,(v): list of ‘abstract invariants E(c, v): an abstract events effect
/>J(c (v% list of concrete invariants F(c, W): a concrete events effect

00"”',‘,5&, E-((‘,»u) o Ulatt: <ner>
Ar%{«al"“ FCow) o MLost: <0t b, L5



Lecture 2
Part G

Case Study on Reactive Systems -
Bridge Controller
First Refinement: Guard Strengthening



4&11_:{3«\3 AN

8% =5 % 1| s C 1|45

P ot ten 7 O

\‘ﬂﬁ % weeks, than }7"

(w5

' 2

Y50 >0 3 sode, thal X70 pt 5«'ﬂe/ Ydfﬂ”
Y% 0 120 % wéalgxﬁwl Y0 o &

d 7

X>0 > A 20 " ) IBpH




PO/VC Rule of Guard Strengthening: Sequents
Abstract mO

variables: n ML.out /
when
in\_lari(';ur:ts: - then
inv01:ne
. n:i=n+1
inv02:n<d ahid

Concrete m1l

variables: a, b,c
ML._in
invariants: " when a+b<d Ne ) , M)—-M/ &Zy
invif:aeN c>0 c=0 Y, ,‘&.D.‘Z E[('
!nv12 :beN then then = . AW J
mi4a b=n cme1 || amart ||| BEN | 7 ¢°
invi5: a=0vc=0 F,\end end bgg xll-z l— yl< L,ﬂ‘t
&/ -
# AM Qi WJ&% AHtl=AN wI % ww
Q. How many PO/VC rules for model m1? --Ovﬁ:O TollS F’Kﬁﬂ/ﬁﬂ
v

= ML



Discharging POs of ml: Guard Strengthening in Refinement

=%
e
o o

H1 +~ G
e e ',\\tth H1,H2 - G HYP
d>0 T il % 4?2&5 V’MY
neN f \M«ﬁ‘ H(F),E=F + P(F)
n<d %(ﬁ/ % H(E),E=F ~ P(E)
aeN
beN
CEIE Asbtt =11 atbt0-] - /
a+b+c=n <
a=0vc=0 |MoN ft%“{ B_LR @f‘;“" - |HP
a+b<d - M) Ned
c=0 medl e
|_
n<d



TRL

Discharging POs of ml: Guard Strengthening in Refinement

b éﬁ \7710 H1H1H; FGG L | - ﬁé oL FALSE L
deN \* ex'l: >
d>0 V./ HpE-Fepp o | HP-R HarR W
neN H(E),E~F v P(E) H.PvQr R

¢ beN ben
beN beN- %;00 B, | e0 [T Elo" T {‘_’0;{?
ceN o Qb =11 - MOA] l;l>o n>o| (N0
a+b+c=n =0 viz0|R-L { L2
a=0vc=0 g0 bGLNC ; . s
e deo @@= 0>90(,..|1
'_ZSI l;1>0 -0 |FLK, - |ARL F Fase_L
£>O lJOk] n>0 50
n>0 n>0




Lecture 2
Part H
Case Study on Reactive Systems -

Bridge Controller
First Refinement: Invariant Preservation



PO/VC Rule of Invariant Preservation: Sequents
Abstract mO

variables: n ML out
when
n<d
in\_lariants: then
!nv0_1:neN n—n+1
inv02:n<d end R&Y Y\-—‘

Concrete ml *X-(-%e,

@B+D+btL =
variables: a,b,c ML _out
- ne wO_ e 0.
in\_lariants: a+b<d whpno W< ;\!'/0-"2 N< ?:D-‘IZ
invii:aeN c=0 I ¢ > REN  l-| AEN  wi-|
inv12:beN then t be@ w2 bGN w2
invi3:ceN a=a+1 C::C—1, w3 3
M e ond o= 04l || end gAY c:.l/L whiton % s w4
21| el V| AT o a-0v£0 WIS aQvlO TS
LCh Atb< L >o
Q. How many PO/VC rules for model ml?

= t= =0/ % = %
(H)thtl=nt1]| [A=0v(ED=0




Visualizing Invariant Preservation in Refinement

Each concrete state transition (from w to w’)
should be simulated by
an abstract state transition (from v to v')

I(v) Abstract event , 107)
G(c,v) z v'=Elc,v)
= -
: Aot SO vt :

(-

EN Yo el i
.L edfat' Lo ok

i s X
éﬁ( 4@& Concrete event ;a”'ﬁ' . oft

¥ ki

| Hew) W pretle ot tygnsan w'=F(c,w)




Discharging POs of m1: Invariant Preservation in Refinement

ML_out/invl_4/INV]R | [yperse G
MON EQ

Hi,H2 - G P+~ E=E

deN

d>0 H(F),E=F + P(F)

neN EQLR
B ] H(E),E=F + P(E)

aeN

beN

ceN

a+b+c=n
g=0ve=10

at+b<d

c=0

-
(a+1)+b+c=(n+1)




Discharging POs of m1: Invariant Preservation in Refinement

ML |n/|nVI S/INV -_ H 2
FALSE_L OR_R1
H1, H2 - G H+~ PvQ

deN
d>0
neN
n<d E’KB'C“?
aeN

beN

ceN
a+b+c=n
a=0ve=0
c>0

=

a=0v(c-1)=0

H(F),E=F +~ P(F) HP+-R HQ+R

HP+ P H(E),E=F + P(E) H,PvQ + R




Lecture 2
Part1l
Case Study on Reactive Systems -

Bridge Controller
First Refinement: Inv. Establishment



PO of Invariant Establishment in Refinement

Components

K(c): effect of abstract init

constants: d ’ variables: a,b,c

invariants:

ioms: invi1:aeN ; -
e —— ol aeleiT : L(c): effect of concrete init

axm02:d>0 !nv1_3fceN i :
¥ e ol £ &Yt Ao

——— g 0 ¢

Rule of Invariant Establishment Exercisé: £=0 él’[/ 0v »@’ 0

Generate Sequents From the INV rule.

it /| _ 4 T it /an1_& /TN

: .FA\I.. l——* l_**

Q. How many PO/VC rules for model m1? 0+ 0+0=0 0=0v0-0




Lecture 2
Part ]

Case Study on Reactive Systems -

Bridge Controller
First Refinement: Invariant Preservation

New Events



/
vl
ML _out
vl ML-@

Il @
Tl _oat

o

W e
o fuanlé ﬁ«wﬁfﬁm{

@ avtan p‘w(v/#é PO Vs



Bridge Controller: Guarded Actions of "new” Events in 1st Refinement

s [} YD |

IL_in: A car enters island

(getting off the bridge).
(t) "] IL.in
when > C = O )
the@/ a+b <o ‘?wumés
272l T—2 a = R—| & + W
_ L end L+ |
axioms: Il-= * {_(H)
constants: d axm0.1:deN Lt b: T dut: A cariexits island [&4)
axm02:d>0 M Wt . ) u
Mﬂk@tﬂﬁd(‘qeﬁmg on the bridge). 5 A—tb
ML-oAt
invariants: IL_out erzer J“"
invii1:a¢eN when b>0 ﬂPMW
variables: a,b,c invli2:beN & 0 A‘,,@d‘d
invi3:ceN then l)"b"'| del
invi4: a+b+c=n ~=0 "= M
invi5: a=0vc=0 !/ L = ~
end C ‘= C{' |



Before-After Predicates of Event Actions: 1st Refinement

IL.in IL_out
when when
a>0 Zi 8 - Pre-State
then then - Post-State
a=a-1 bh—pb_1 - Sate Transition
b:=b+1 CI=‘C+1
end ) end /
% ,_‘2 Concrete State Space
/
b= 2~ b= b=
A A/
b= b+l ,‘E T
e &K'= o



Visualizing Invariant Preservation in Refinement

Each new state transition (from w to w’)
should be simulated by

an abstract dummy state transition (from v to v') o WM

I l Abstrz::;xerl:tz{ Gk"' [‘2

B ((A'A)) J(c,V,

Concrete event

Alg o
(Il & Tl o4t)

N

99"'1

S




PO/VC Rule of Invariant Preservation: Sequents

Abstract mO 4\&70\9«7 1L_infINV1_4/INV

: constants: d i variables: n
i i eN
" | axioms: " | invariants: 114( c ) ﬂb‘ - N< d
01:deN | inv0.1:ne Cc,v -
I S - - o _ ::zo 21 ; Z SIE J(c. v, w)] AA- %gg l— I_(&—-l') +(btl ) (‘0 =

%
Concrete m1 e e 1. ' gi[,.ecdl K‘l’b"(’%@

a=0vL=0 i) N

variables: a,b,c *ILin m: - IL_out a>0 ( ) ( ) C
— when™™ ol when IL_in.INVl_S INV

variants: NI a-0

invi1:a¢N then then

invi2:beN 2= a1 bie et

ot e || poberlflel Sl | ved

invi5: a0V =0 SNa snd 25&) ‘— l&—D‘-‘-O \'/ 4‘0'

beA
LeN = =
Q. How many PO/VC rules for model m1? g:%leszf_l__ - &{O v { 0

A4>0




Discharging POs of ml: Invariant Preservation in Refinement

IL_in/invl_4/INV

deN

d>0

neN

n<d
aeN

beN

ceN
a+b+c=n
a=0ve=0
a>0

=

“(a—1)+(b+1)+0:n

MonJ

H1 - G
H1,H2 - G

MON

2ttt =N
|—
(4-1) 'l'[lo’('l) +( =/

K1

HYP

H,P+ P

Aiptl=v
- (2
otb€l=n

=~



Discharging POs of ml: Invariant Preservation in Refinement

ML_in/invl_5/INV J H1 - G H+-Q
FALSE L MoN |Jl———— ‘ORR2

L+~ P H1,H2 + G H+~PvQ
deN HYPI H(F),E=F + P(F) caLR H,gI—R H,SF-R oRL
d >ISI H - @ H(E),E=F + P(E) - HPvQ+- R -
ne
n<d
s 8=0 04 L
2l A0 £=0 20 MR Ry
€ SO. D=0 vf= (O—D-‘—O\I[:U
ceN onl| & ®-1{ (@ ol
a+b+c=n @-D=9v (=0 t=0
a=0vec=0 41? B £>0 “ K%
a> 0 [ 718 (-D=0vit=0
(a-1)=0vec=0 {AfFPMM




Lecture 2
Part K

Case Study on Reactive Systems -
Bridge Controller

First Refinement: Convergence
New Events



Livelock Caused by New Events Diverging

An alternative m1 (for demonstration) /’
axioms: invariants:
constants: d axm0.1:deN variables: a,b,c invil:aecZ
axm02:d>0 invi2:beZ
) invi3:ceZ
’4
AH?@MB 5 A~ vddeets Yb%‘}/{j\
ML _out / RAL . V4 N
in :
when when IL.in IL_out
a+b<d c>0 begin begin
c=0 s a:=a-1 b:=b-1
then i1 b:=b+1 ci=c+1
a=a+1 end._ end end
end

VDLl .
Abserece Vanseans - Jart ék?,ékgp,fk;y,ska? m|>y M

&IWDH? TeensgipS - & M?(: Il.? ., M‘.’ L=, IL out, ~oos D
O wt b ‘“”b sk, Cok

@ feltk ~ g el o Py Sty ‘el




Use of a Variant to Measure New Events Converging
/dd@l% /MV’

variables: a,b,c ML out il j Pdﬂ‘lfS
'h ML._in hen mll
invariants: " ae:' b<d wf::eno " a>0 m
invil:ac¢ - >
i:vjl_;:ieg thgn 0 then thear:: a1 Motfmo
invi3:ceN — a4+ =c—-1 = b+ .
!nv1_4: a+b+c=n ené:i_a1 enfi_c en% PASER M
invi5: a=0ve=0 . l
/gy:ar Ah‘a/ el &y {m‘%
. . . T /4
Variants for New Events: 2'- a + b, """ o
. . 5 P — \y e Y Il.TA?
<init,|ML_out,|ML_out,|IL_in, |IL_out|IL_in,|IL_out,|ML_in,|ML_] ol?

U T) oAt
a=0 a=1 a=2a=1 a=1a=90 a=0a=0 a=09] LP%
b=f) b=0 b=g b= b=0 b=1 b=0 b=0 b=0 .
c=0 ¢c=0 c=0 c=0 c=1c=1 ¢c=2 c=1 c=0
v=0 v=2 v=ifp v=3 v=2v=1 v=0yv=0 v =0 AC Mo MoTL I0 ILIOM

occurrences of
concrete events



PO of |Convergence/Non-Divergence/Livelock Freedom
5 gphedlle to 22 OAET

Variant Stays Non-Negative

IL_in/NAT

Variants for New Events: 2 - a + E

variant: V(c, w)

NAT ven
5k Za+beN (07 A
20 \u(c,m

IL in/VAR N

occurrences of
new events

*
2. (6 + (b+)< 244 AVt =204
Ve, w)= 2.6k = 240D+ (b#D <




Lecture 2
Part L

Case Study on Reactive Systems -
Bridge Controller

First Refinement:

Relative Deadlock Freedom



Idea of Relative Deadlock Freedom {7( ‘ E‘Z)E




PO of Relative Deadlock Freedom
V Abstract moO

" A(c)
. . _out ML_i
variables: n whn wlt?en I(C, V)
-d -0
in\_lariant's: t? tr? J(C, V, W)
!nv0_1.neN ni=n+1 ni=n-1 DLF
inv02:n<d ata ond G1(C, V) TR Gm(C, V) —
Concrete ml =
. Hi(c,w)wv---v Hy(c, w)
variables: a,b,c ML _out _
when () ML_in V4 deN
i i : +b<d —
martents: . o0]@ | 430 O (psby<d A L=0
invi2:beN then ther ne<d
invi3:ceN a:=a+1 c:=c-1 0EN
R end ben |V L2092

ILin S Lout o A*ﬁc‘ﬂo A>O e,
/ (71<ol)v(«1>o) \/ (bso) A (4=0)

then

a:=a-1 b:=b-1 <::)
b:=b+1 ci=c+1

end end




Example Inference Rules

H>Pv@

= "idep uF‘:}'- ‘(:bgs-t;t’vgs
“HvPvad

= 1 &mm%(zl D= (w2 %
(GH vPD vE

= {_doduf wﬁa{m: ?i'nFs

‘TMI\(F)\I a ,d-:’l/-
= '[Afmwgwt -((;(\/zj)e"t:t’,&-zélj
'l(’-lz\—c}?) v &
= fdf f DT

HAp 2 6




Discharging POs of ml: Relative Deadlock Freedom

i G S
(\ MON EQ.LR

t@e - H1,H2 - G H(E),E=F + P(E)

deN
d>0
neN

n<d
- d>0

beN b=0vb>0
ceN [

a+b+c=n
a=0vc=0 b<da0=0

n<dvn>0 v b>0A0=0
-

a+b<dac=0
v ¢>0
v a>0
v b>0ara=0




Discharging POs of ml: Relative Deadlock Freedom

Part

s

c;;\!

4

d>0
b=0vb>0
=

b<da0=0
v b>0A0=0

H P+ R HQ+R

HPvQ+ R

H+ P H+ Q

H+- PAQ

ORLL

AND_R

H+ P

Hr PvQ

H+ Q
Hr+ PvQ

OR_R1

OR_R2

P+ E=E

EQ

HP+~P

HYP




Initial Model and 1st Refinement: Provably Correct

ML _out
when
t_-g; d Abstract mO
constants: d variables: n n:=n+1
init end
begin
axioms: invariants: n:=0
axm0.1:deN inv01:neN end ML._in
axm02:d>0 inv02:n<d when
t o
n:=n-1
end
Concrete ml
IL.in
IS B Tt B B Bt B ML out when
. - variables: a,b,c when a>0
Correctness Criteria: B | ies: =D men_ .
. =0 =a-
~ + Guard Strengthening | I 2
X X constants: d invid1:aeN Fmah A .
- + Lnvariant Establishment = inv1 2:be N 0 end
. . . invi3:ceN B
~ + Invariant Preservation = | | axioms: ity i S =0 ot
axm0 ] :asN invi5: a=0vc=0 -0 ML in —When
~ + Convergence | axm02:d >0 . WhEn b>0
. . | | 3 -c >0 a=0
+ Relative Deadlock Freedom variants: the then
I : ; : : : ; : ) ! ] 2-a+b c=c-1 .
end




Lecture 2
Part M

Case Study on Reactive Systems -

Bridge Controller
2nd Refinement: State and Events



Bridge Controller: Abstraction in the 2nd Refinement

ENVA The system is equipped with two traffic lights with two colors: green and red.

ENV2 The traffic lights control the entrance to the bridge at both ends of it.

i ENV3 I Cars are not supposed to pass on a red traffic light, only on a green one.

mO: (T:J;
M
more abstract ’rhan aﬂJm A‘ﬁ@)

more concrete
than ml




Bridge Controller: State Space of the 2nd Refinement
ENVA The system is equipped with two traffic lights with two colors: green and red. * f,e..'té - M $

ENV2 The traffic lights control the entrance to the bridge at both ends of it.
ENV3 | Cars are not supposed to pass on a red traffic light, only on a green one. |

Dynamic Part of Model

i invariants:
variables: inv2_1: mi_tl e COLOUR
a,b,c inv22: il tl e COLOUR =
im0 inv2.3] 224 —b e
it — X ML
inv24] 274 (). (Db xd.

Static Part of Model

sets: COLOR constants: red, green

Y - Exercises
axm2 1z COLOR'= { greon, rad) inv2_3: being allowed to exit ML means limited cars & no crash
axm2_2: green + red I - - -

3 inv2_4: being allowed to exit IL means some car in IL & no crash




Bridge Controller: Guards of “old” Events 2nd Refinement

sets: COLOR

constants: red, green

axioms:

axm2_2: green + red

axm2_1: COLOR = {green, red}

variables:
a,b,c
mi_t/
il_tl

invariants:
inv2.1: mi_tle COLOUR
inv2.2: i/ -tle COLOUR
inv2.3: mi_tl=green=a+b<dac=0
inv24: i/ tl=green=b>0ra=0

ML __out:

A car exits mainland

(getting onto the bridge).

IL_out| A car exits islan

(getting onto the bridge

IL_out
when
Ps & the
"21( b:=b-1
ci=c+1

end




Bridge Controller: Guards of "new” Events 2nd Refinement

< M?ts L “L..‘l:l

ML_tl_green:

J

M,"'s">

turn the traffic light ml_tl to green

MI‘_A;tI_een q w&,
Wm £=0

ml_tl := green

tﬂ”""

d]

dxb<

)}/ Mfw N end 1|
sets: COLOR constants: red, green ; )\ [ ~7 ¢
B — Ul [}‘ IL_tl_green: MLU o i o,
Xioms:
axm2_1: COLOR = {green, red} - w -60 ’furn the traffic llghf Il tl to qreen
axm2_2: green + red M‘ { Ad /
WYLLA N ) AA?
— A B ) whe 0
: . invariants: =
va:abblgs. inv2.1: mi_tle COLOUR ). [_ﬂ' @ A=
47" inv2.2: il_tl e COLOUR the L>0
1 -t inv23: mitl=green=a+b<dnrc=0 il_tl := green il
il_tl inv2.4: il_tl= green=b>0nra=0 end 2[ 2

out 7 M



Lecture 2
Part N
Case Study on Reactive Systems -

Bridge Controller
2nd Refinement: Invariant Preservation



PO/VC Rule of Invariant Preservation: Sequents

Abstract m1 A(c)
variables: a,b,c ML _out IL_out l( - V)
when when J(C7 v, W)

invariants: a+b<d g: g H(C, W) MPA
it 2 5C —y et
inv13: ' bi=b-1
::z1_4:cae+l\i]3+c=n a=a+l GE=GRT Ji(C7 E(07 V)7F(07 W))
invi5: a=0vc=0 end end

- L' ML_out/finv2_4JINV
-—ta; W"; >OA 4 O axm01 { deN
Concrete m2 axm02 { d>0
"'2_{0 a"’ ( axm2.1 { COLOUR = {green, red}
variables: ML out IL_out
@b’ ¢ when when
/_tl il _tl =
m mi_tl = green il_tl = green
il_tl mer=green then
= then bieb_1
invariants: a=a+1 [ [ ci=c+1
inv2.1: ml_tl e COLOUR end EW aﬁo;—' ehd 0 e
inv22: il tfe COLOUR . inv il tl e
!nv2,3: ml,tl:green:a+b<d/\c 0 'L’(,h Q {2 ta ::z;ii { Tlt}ti;gzsrj;it)a;{gc:o
B E B —d _ ol = =
inv2 4 I il tH=green=b>0Aa OI b, L d Tk P Concrete guards of ML out  { ml @l = green
et .
b Concrete invariant inv2_4

Exercise: Specify IL_out/ |nv2_3/ INV i L ob et ifie postaisi .x{—' g by U0



Example Inference Rules

Hoddé }ZMMQ
(P>pap=

Tvnplrca’cﬁle h%ﬁdhazs
P A%’ >SY F — (g Sv)
aaflz T 69&(

ﬂwwro«we :

fu




Discharging POs of m2: Invariant Preservation

deN

a>o0

COLOUR = {green, red}

green + red

neN

n<d

aeN

beN

ceN

a+b+c=n

a=0vc=0

mi_tle COLOUR

il-tI e COLOUR
ml_tl=green=a+b<dnrc=0
il-tH=green=b>0Ara=0
mi_tl = green

i
il_tI=green=b>0A(a+1)=0

MON

green + red
il -t/ =green=b>0ra=0
mi_tl = green

e .
il_tl = greenf>{b > 0 A (a+1) = 0

ML_out/inv2_4/INV

.

IMP_R

ml_tl = green
[

b>0A(a+1)=0

green + red
il_tl = greenf>b>0ra=0

IMP_L

green + red
b>0nra=0
ml_tl = green
il_tl = green

.
b>0n(a+1)=0

AND L

First Attempt

H+ P H+ Q H,P,Q+ R
ANDR fj§l—————— ANDL
H+ PAQ HPAQF R
H,P,Q + R HP+ Q
IMPLJjl———— IMPR
H,P.,P=Q + R H+ P=Q
green + red
b>0
a=0 SHOCKED
mi_tl = green |HYP
green = red il tl = green ¥ 0
b>0 - °
a=0 b>0
ml_tl = green AND R
il_tl = green green + red <
b b>0 green + red green + red
b>0A(a+1)=0 a=0 EQLR mi_tl = green mi_tl = green
mi_tl = green M 6N > |il-tl=green |ARI| jl_tl=green |2?
il _tl = green - -
- (0+1)=0 1=0
(a+1)=0




Discharging POs of m2: Invariant Preservation

deN

d>0

COLOUR = {green, red}
green + red

neN

n<d

aeN

beN

ceN

a+b+c=n

a=0vec=0

mi_tl e COLOUR

il-tte COLOUR
mi_tl=green=a+b<dac=0
il_tI=green=b>0na=0
il_tl = green

.
ml_tl=green=a+(b-1)<da(c+1)=0

MON

green + red
mi_tl=green=a+b<dac=0
il_tl = green

.
mi_tl=green=a+(b-1)<da(c+1)=0

IL_out/inv2_3/INV

IMP_R

green + red green + red
mi_tl=green=a+b<dac=0 a+b<dac=0

il_tl = green IMP_L il_tl = green AND L
mi_tl = green ml_tl = green

= =

a+(b-1)<da(c+1)=0 a+(b-1)<da(c+1)=0

First Attempt

H+P Hr Q H,P,Q+ R
ANDR jl————— ANDL
H+- PAQ H: PAQ+ R
HP,Q+ R H P+ Q
IMP_L IMP_R
HP,P=Q + R Hr P=>Q
green + red
a+b<d
c=0 a+b<d
il tl=green  |MON| + ARI SHOCKED
green + red mi_tl = green a+(b-1)<d
a+b<d [
c=0 a+(b-1)<d % Q
il_tl = green AND R
mi_tl = green green + red
- a+b<d green + red green + red
a+(b-1)<da(c+1)=0 c=0 EQLR il tl = green il _tl = green <
iltl = green ~~ | mi_tl = green | ARI| mi_t/ = green |??
MON
mi_tl = green - -
= 0+1)=0 1=0
(c+1)=0




Understanding the Failed Proof on INV

|ML out/inv2 é{INZI |

I IL_out/ inE/INV 1

deN deN
H . d>0 a>0
variables: ML _out IL out COLOUR = {green, red} COLOUR = {green, red}
a Ib’lc when when green + red green + red
mi_t il tl = green N neN
i mi_tl = green ther g e o
then bi=b_1 aeN aeN
] ] =0 beN beN
invariants: a=a+1 ci=c+1 ceN ceN
inv2.1: ml_tl e COLOUR end end a+b+c=n a+g+0=g
i i a=0vc=0 a=0ve=
!nv2,2. il.tH e COLOUR gt w1l < COLOUR
inv2.3: mltl=green=a+b<dnrc=0 il tl COLOUR il tl e COLOUR
inv24: jltl=green=b>0Aa=0 mi_tl = green=a+b<dac=0 mi_tl=green=a+b<dac=0
il tl = green=b>0ra=0 il-tl = green=b>0nra=0
mi_tl = green il tl = green
. -
I | il_tl = green = b > 0 A (a+1)=0| mi_tl = green=a+(b-1)<dA(c+1)=0|
Unprovable Sequent:
g reen ¢ red ISLAND MAINLAND J| JJISLAND
. ‘~ n-
il_tl = green ! :
L] - o
m l ‘l‘l — g reen , ML_tl_green ML _out 5 IL_in , IL_tl_green IL_out v ; ML out )
d=2 d=2 d=2 d=2 d=2 o+ | d=2
a=0 a=1 a=0 a4=0 a=0 ° ¢ a-=1
b =0 b'=0 b’ =1 b =1 b=0 ¢ ' pv-=0
¢ =0 ¢'=0 c'=0 ¢ =0 c’'= N
mltl'=red mit=green M-t =green ml_il'=green mj t' = green mi-tI' = green | ml_tl'=green
iltl" = red it = red il_tI" = red iltl" = red il.tl’ = green il_tI" = green iltI" = green




Lecture 2
Part O

Case Study on Reactive Systems -

Bridge Controller
2nd Refinement: Fixing the Model

Adding an Invariant



Fixing m2: Adding_an Invariant
Abstract m1

REQ3 The bridge is one-way or the other, not both at the same time.
variables: a,b,c ML out IL_out ; -
when Mo inv2.5: mi_tl=red v il_tl = red
invariants: arb<d io
invii:aeN c=0 ha_
invi2:beN then t g
invi3:ceN a-—a+i ” _1
invid: a+b+c=n end en?il_c+
invi5: a=0vc=0
ML_out/inv2_4/INV
axm0.1 { deN
axm0_2 a>0
Concrefe mz axm2_1 COLOUR = {green, red}
axm22 { green+ red
: . inv0.1 { neN
variables: ML out IL_out invo02 { n<d
a,b,c when when invi1 { aeN
mi_tl il_tl = green invi2 { beN
il mi_tl = green then invi3 { ceN
then e B ] invid { a+tb+c=n
invariants: a=a+1 o+ kbl Selleion
ro : C:=C+ inv2.1 { mi_tle COLOUR
inv2.1: mi-tle COLOUR end end inv2.2 { il tle COLOUR
inv2 2: j/ tle COLOUR inv23 { mitl=green=a+b<dnrc=0
inv23: ml tl=green=a+b<dac=0 inv24 { il ti=green=b>0ra=0
inv24: il tl=green=b>0na=0 inv25 { mi_tl=redv il tl = red
Concrete guards of ML_out { mi_tl = green
-

Concrete invariant inv2 4

Exercise: Specify IL_out/inv2_3/INV Wit ML ousffecin thepos e 11291000 = 0200 a1 =0



Discharging POs of m2: Invariant Preservation secondiAttempt

ML_out/inv2_4/INV

| COLOUR = {green, red}
| green + red

Zved -
-

| mi_tle COLOUR

iltie COLOUR green # red*
| mitl=green=a+b<dac=0

il tl=green=b>0ra=0 mi_tl = green’

mo_0 = vodl -
- (mi_ti £ red@il_ff; red) o_

w0-+8=
| . -
Lilti=green=b>0r(a+1)=0| | il_tl = greene

ry

- wor # vod
.

| green + red 1=0.

|ilt = green=b>0na=0 -(¢<

| mi_tl = red v il tl = red

| mi_tl = green

I Tﬂ_-('ezv

|il-tl=green=>b>0A(a+1)=0 te +0

IMP.R =

green + red

b>0

a=0

ml_tl = green

mi_tl = red v il tl = red
il_tl = green

(8

| green + red
| il tl=green=b>0nra=0
| mi_tl = green

green + red
b>0ra=0
mi_tl = green

green # red
b>0
a=0

b>0

H(F),E=F ~ P(F)

miti=redvilti=red  |IMP.L|miti=redv i ti=red |ANDL|M-I-green

| iltl = green il_tl = green I’Inlrﬂ_ :::nv L= green # red EQLR

| - - e =g b>0 green # red ‘green # red H(E),E:F + P(E)

|b>0A(a+1)=0 b>0n(a+1)=0 b>0A(a+1)=0 a=0 mi_tl = green mi_tl = green
mi_tl = green mi_tl=red vil-tl=red | , o limi_tl = red v il_tl = red
mi_tl=red vil tl = red il -t = green \il_tl = green
il_tl = green - - o .
- (0+1)=0 1-0 HP+-R HQ+R
(a+1)=0 b b OR L

—

H,P‘\/Q - R




Dischara

ing POs of m2: Invariant Preservation

deN

d>0

COLOUR = {green, red}
green # red

neN

n<d

aeN

beN

ceN

a+b+c=n

a=0vc=0

ml_tl e COLOUR

il e COLOUR
mi_tl=green=a+b<dac=0
il-t=green=b>0Ara=0
mi_tl = red v il tl = red

il_tl = green

-
mil_tl=green=a+(b-1)<da(c+1)=0

= green
=red vil_tl = red

MON

green # red
mi_tl=green=>a+b<dac=0
mi_tl = red v il-tl = red

il_tl = green

i

mi_tl=green=a+(b-1)<da(c+1)=0

IMP R

ASSignment

IL_out/inv2_3/INV

green = red
mi_tl=green=a+b<dnac=0
il -t = green

mi_tl = red v il_tl = red

mi_tl = green

E
a+(b-1)<da(c+1)=0

IMP_L

green = red

a+b<d

c=0

il tl = green

mi_tl = red v il tl = red
mi_tl = green

green + red
a+b<dac=0

il_tl = green

mi_tl = red v il_tl = red
mi_tl = green

=
a+(b-1)<da(c+1)=0 ;+(b_1)<dA(c+1)=o

green # red

a+b<d

c=0

il_tl = green

mi_tl = red v il_tl = red
mi_tl = green

v
a+(b-1)<d

a+b<d

i
a+(b-1)<d

green # red

a+b<d

c=0

il_tl = green

mi_tl = red v il_tl = red
mi_tl = green

.
(c+1)=0

green # red
il-tl = green

mi_tl = green
-
0+1)=0

mi_tl = red v il_tl = red Al

=
il-tl = green

mi_tl = red v il_tl = red|
mi_tl = green

H-Q+ P
——  NOTLL

H,-P + Q

H(F),E=F ~ P(F)
EQLR

H(E),E:F)— P(E)

HP+R HQ+R

OR.L

HPvQ+R




Lecture 2

Part P

Case Study on Reactive Systems -

Bridge Controller
2nd Refinement: Fixing the Model
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Fixing m2: Adding_Actions

MAINLAND

ML_tl_green/inv2_5/INV

ML_tl_green
when

ml_tl = red

a+b<d

c=0

then

mli_tl := green
il_tl:= red

-t

2=y Koo Alf=hr * %{PM
Exercise: Specify IL_tl_green/inv2_5/INV +

w0 el v

IL_tl_green
when
il_tl = red
b>0
a=0
then
il_tl := green
mi_tl := red
end

axm0_1 deN
axm0_2 d>0

axm2 1 % COLOUR = {green, red}

axm22 { green=+red
inv01 { neN
inv0_2 n<d
invi_1 E aeN
invl_ 2 beN
invi_3 { ceN
invi4 { a+b+c=n
invi5 { a=0vc=0
inv2_1 ml_tle COLOUR
inv2_2 { il_tle COLOUR

inv2 4
inv2.5 { mi_tl=redvil_tl = red

inv2_3 mi_tl=green=a+b<darc=0
il -tl=green=b>0Ara=0

ml _Jc@ ved|

Bocte: fof

VPdL VYPa:VPd

2 el
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Invariant Preservation: IML__out/ i_nv2_3!/INV

§ ot/ o dsiedd codze,

ML_out/inv2__3/INV

axm0.1 { deN
axm0_2 da>0
axm2_1 COLOUR = {green, red}
axm22 { green+red
inv0_1 neN
inv0_2 n<d
inv1 1 } aeN
invi2 { beN

invi3 { ceN

invi4 { a+b+c=n

invi5 { a=0vc=0

inv2_1 ml_tl e COLOUR

inv2 2 il_te COLOUR

inv2_3 ml_tl=green=a+b<dac=0

inv2.4 1 il tI=green=b>0Ara=0
-

g inv25 { mi_tl=redvil tl = red
Concrete guards of ML_out { ml_tl = green

ML out || IL_out
when when
mi_tl = green thgaﬂ e

variables: then b:=b-1

a,b,C a:=a+1 N c:=c+1

mi_t! end U end

il_tl
invariants:

inv2_1: mi_tle COLOUR

inv22: jl_tle COLOUR

inv2.3: mi tl=green=a+b<darc=0

inv24: il tl=green=b>0na=

Exercise: Specify

: 2 I _outloZ3

Concrete invariant inv2_3

with ML_out’s effect in the post-state { miif = green Qg b<dnc=0

IL_out/inv 2_4;

zw.c/w/ ouley

[INV




Dlscharglnq POs of m2: Invariant Preservation

First Attempt

d eN
a>0
COLOUR = {green, red}
green + red
neN
n<d
aeN
beN
ceN
a+b+c=n
a=0vec=0
mi_tl e COLOUR
il-tte COLOUR
mi_tl=green=a+b<dac=0
il_.tI=green=b>0Aa=0
ml_tl = red v il tl = red
mi_tl = green
.
mi_tl=green=(a+1)+b<dac=0

MON

mi_tl=green=a+b<dac=0
=

| ml_tl=green|=>(a+1)+b<d/\c=0

(] fece
T _out/

( MAINLAND

| mltl=green=>a+b<darc=0 a+b<dac=0
MP R ml_tl = green IV mi_tl = green

IMP_R

— [,

(a+1)+b<dac=0 (a+1)+b<dac=0

H+ P H+ Q
AND R
H- PArQ
wz-U/
T |\/ H,P,Q - R
——  ANDL
6 HPAQ+ R
‘b H P+ Q
—— IMPR
M; H+ P=Q
a g '& { SHOCKED
ZE a+b<d g
mltl green
a+b<d -
c=0 (a+1)+b<d
AND_L | ml_tl = green AND R
- a+b<d
(a+1)+b<dac=0 c=0
mi_tl = green |HYP
e
c=0




Understanding the Failed Proof on INV

IL_out
when
il tl = green
then
b:=b-1
ci=c+1
end

variables: ML out
a,b,c when
mi_tl
il ml_tl = green
- then
invariants: a=a+1
inv2.1: ml_tl e COLOUR end
inv2 2: jl tl e COLOUR
inv2.3: mi_tl=green=1a+b<dhc=0
inv2.4: i/ t/=green=b>0Aa=0

Unprovable Sequent from ML_out/inv2_3/INV

thed
ML-out

MAINLAND

ml_tl

1592@) =

24 =3

1<}

AV mi_tl

|_

(@+1)+b<d

= green

(at)+b

34

2 T+|<

1 a+ 1))+ b < dlevaluates to true |
(A"’D'l'b -‘f—d [(a +;§ + b < d evaluates to true]

[ (a+1) + b< d evaluates to true ]
[ (a+1) + b< d evaluates to false ]
[ (a+ 1) + b< devaluates to false ]

[ (a+1) + b < d evaluates to false ]

vio wiop UL out 2llowtdl = wmd 0 := vool



Ml . ML.O*‘:

Tl _out

Fixing m2: Splitting Events ,.;:

Mot [ Meot_2 Tlot| TI_ont 7]

ML_out_1°
when
mi_tl = green
a+b+1=+d
then
a=a+1
end

ML.out2 -
when
ml_tl = green
a+b+1=d
then
a:=a+1
mi_tl := red
end

?IL_out_1 B
when . 7
il_tl = green
s b-l#
then 0

b:=b-1
ci=c+1
end

> IL_out_2
when
il_tl = green

b=1 2 L-' .

then
b:=b-1
c:=c+1
il_tl := red
end




Lecture 2

Part R

Case Study on Reactive Systems -
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2nd Refinement: Livelock/Divergence



Current m2 May Livelock

:a:l\

ML_onf.

ML_tl_green | IL_tl_green ISLAND SLaINLReD
when 1 when
v mi_tl = red 1 il_tl = red
va+b<d 1 b>0
vc=0 1 a=0 _ ) "
then | then A_«z Fnyetfec( bol2:: o Aﬂfs" b
mi_tl := green | | il_tl := green — Kmt, m_w W’ " ,t , I
il_tl := red 1 mi_tl := red
end | end a vaﬂ apt ‘”‘"‘
oo 0. velid tuete o Wiz, Lt oty 4 ekt wﬁ g Lot Lot L
A 7 I IL..'H# A«ayfo(
( init , ML_tl_green ML out1 | IL_in , IL_tl_green |, ML_tl_green , IL_tl.green ..
d=2 d=2 d=2 a=2 d=2 d=2 d=2
a=0 = a=1 a=0 a=0 a=0 a=0
b =0 - b =0 b =1 bl = P ,_
¢'=0 tC) 8 ¢'=0 ¢'=0 .t:'::\ g'=r1\ 2]:21 W
mitl=red mt'=green MU' =green mit’'=green | mit’=red| mit'=green| mitl=red YD“
il-tl = red il_tl = red iltl" = red il-tl" = red il_tl" = green il_tl" = red il_tl" = green 0}



Fixing m2: Regulating Traffic Light Changes

Divergence Trace: <init,(MLZtl_green, ML_out_1, IL_in,{IL_tl_green,

ML _tl_green
when
mi_tl = red
wibiad ML _out_1
A when
c=0
T ml_tl = green
Lpass= 1 a+b+1+d
£n then
| ml_tl := green
il _tl := red

when
il_tl = green
b+1

then
b:=b-1
c:i=c+1
il_pass :=1

when
il_tl = green

/th:; 1

b:=b-1

V([
'fff_m?i’f If"_ﬂff,.’}‘gn,”f.“’;
\" 3
d=2 ml_pas il_pass‘ )

< init, 1 1

ML_tl_green, 0 1

ML_out_1, 1- Z

ML_out_2, il {

IL_in, l l

IL_in, I I

JUstimgreen. | T 0

IL_out_l, 7 7

IL_out_2, i 7

ML_in, it rd

ML_in 1 1

To brede #he dﬂeg&“ﬁwﬁfg}'&’\s N
a

vl



Fixing m2: Measuring Traffic Light Changes

ML _tl_green
when
ml_tl = red
a+b<d
c=0
il pass =1
then
mi_tl := green
il_tl := red
ml_pass:=0
end

IL_tl_green
when
il_tl = red
b>0
a=0
ml_pass = 1
then
il_tl := green
ml_tl := red
il_pass:=0
end

d=2 ml_pass | il_pass |variants:m/_pass+i/_pass

< init, 1 1

ML_tl_green, 0) 1

ML_out_1, - 1

ML_out_2, | 1 lo\d

IL_in, 1 Mﬁ

IL_in, 1 1

Iﬂ-_fligﬂedn, 1 o | i

IL_out_1,- 1 1 4

IL_out_2, - 1 1y | _i

ML_in, 1 1 o846

ML_in ‘ 1 1 T occurrences of

|

new events




PO of Convergence/Non-Divergence/ leelock Freedom

A New Event Occurrence Decreases Variant

“ e« i

MQ-—]NS t —ré.‘zxs

Variants: ml_pass + il_pass

ML _tl_green

when
mi_tl = red
EEY -2
@=0
il_pass =1

then
mi_tl := green
il tl:=red

ml_pass :=0
end

'_

deN

COLOUR = {green, red}
neN

aeN

a+b+c=n

mi_tl e COLOUR
mi_tl=green=a+b<darc=0
ml_tl = red v il_tl = red
ml_pass € {0,1}

ml_tl = red = ml_pass = 1
mi_tl = red

il_pass =1

0 + il_pass < ml_pass + il_pass

a>0

green + red

n<d ] wo

beN

a=0vec=0

il_tl e COLOUR

il tl=green=b>0Ana=0

il_pass € {0,1}
il_tl = red = il pass = 1

a+b<d
poce o of

ceN]ml

Mz

c=0:]

A g
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PO of Relative Deadlock Freedom

axmO0._1
axm0_2
axm2_1
axm2 2
inv0_1
inv0 2
invl 1
invl 2
invl_3
invl 4
invli 5
inv2_1
inv2 2
inv2_3
inv2 4
inv2 5
inv2 6
inv2 7
inv2 8
inv2 9

Disjunction of abstract guards

Disjunction of concrete guards

|
|
;
|
|
|
|
|
|
|

d>0

COLOUR = {green, red}

green + red

neN

a=0
mi_tl
il _tl e

ve= 0
e COLOUR
COLOUR

Abstract ml

mil_tl=green=a+b<darc=0
il_tI=green=b>0Ara=0

mi_tl =

=redvil_tl = red

ml_pass € {0,1}
il_pass e {0,1}
mi_tl = red = ml_pass = 1

il_tl =

\%

SRS

L S R S <

red = il_pass =1
a+b<dac=0}
cE10)

a>0
b>0naa=0

mltl=redhna+b<dnac= OAleass_1
ilti=redAb>0Aa= OAmlpass—1}

variables: a,b,c ML _out . IL.in IL_out
when ML.in when when
invariants: at+tb<d when a>0 g i 8
invil:aeN c=0 c>0 then -
!nvLZ:beN then then a=a-1 bi=b_1
b tdve a=a+1 ci=c-1 bi=b+1 ci=c
invid: a+b+c=n
end
invi5: a=0vc=0 end ond end
Concrete m2 | it green ML out 1 IL-out.1
= when when wh’en
ML _tl_green il_tl = red mi_tl = green il-tl = green
when b>0 a+b+1+d hb$1
mi_tl = red a-=0 then k Zr:: b1
atb<d ml_pass = 1 a:=a+1' ci=c+1
c=0 then rgl_pass =l il_pass := 1
il pass = 1 il tl:= green en end
then mi_tl := red
guards of ML out in my ITIt;ﬂ ’jgé een ’Z’—Pass =0 M'\—ﬂ;g‘;‘f IL,OlIitz
[T = en when
guards of ML'_II-) inmy mi_pass := 0 mi_tl = green il_tl = green
guards of /L_inin my end a+b+1=d b-1
guards of /L_out in my then then
a:=a+1 b:=b-1
guards of ML_t/_green in m, :;'";S’ = ; ﬁ;i J;; .
guards of IL_tl_greenin m; and Chase il pass - 1
mi_tl=greenna+b+1+d | guards of ML out 1in my end
mi_tl=greenna+b+1 = guards of ML_out 2 in m;
il_tl = green A b$1 guards of /L_out 1in m, ML.in
il tl=greennb=1 } guards of IL_out 2in m, wheno
a>0} guards of ML.inin m, mg:
c>0 guards of /L_inin my ci=c-1
end end




Discharqing POs of m2: Relative Deadlock Freedom

il_pass € {0,1}

ml_tl = red = ml_pass = 1

il tl = red = il_pass = 1
a+b<dac=0

c>0
a>o0
b>0ra=0

mitl=redna+b<dac=0nilpass=1
il-tH=redAb>0Ana=0Aml_pass=1
mi_tl = green

il-tl = green

a>0

deN deN d>0 d>0

g0 q)|d>0 > b>0 b>0

beN &. beN r' N ORR2| ’~" HYP

mi_tl = red ml_tl = red P4 d>0 d>0 B0 b>0

il-tl = red ("\ il_tl = red ("f&N ARI b>0vb=0 ORL

(nLtI:red = ml_pass =1 w {nlpass:1 s - 750 50 750

il tl = red = il_pass =1 il_pass =1 b<dvb>0 b<dvb>0 Bl

- - '__ EQ_LR,MON i OR-R1 e HYP
b<d/\ml,pass=1/\{l,pass=1 b<dAmLpass=1A{Lpass=1 bedvbso 0Zdvoso 0<d

v b>0Aml_pass=1nil_pass-=1 v b>0amlpass=1nAil_pass=1




1st Refinement and 2nd Refinement: Provably Correct

IL.in
ML_out when
ab,c when as0
a+b<d then
c=0 a=a-1
invariants: init then bi=b+1
invit:aeN begin a=a+1 end
invi2:beN 5 end
J— invi3:ceN zio
axm01:deN Il as @b i IL out
axm0 2:d > 0 invi5: a=0vc=0 ond ML.in when
when b>0
: c>0 a=0
variants: then iHian
2-a+b Er=Ea Bt
end c:i=c+1
Abstract m1 -

N N A N R N .
iCorrectness Criteria:

- + Convergence
+ Rela’rlve Deadlock FreedonL

+ Guard Strengthening
+ Invariant Establishment
i+ Invariant Preservation

% variables:
a
b
c
mi_tl
il-tl
| consams: 4 | ey
il_pass

axioms:
axm0.1:deN
axm02:d>0
axm2.1: COLOR = {green, red}
axm2_2: green + red

invariants:

inv2.1:
inv22:
inv2.3:
inv2.4:
inv25:
inv26:
|I1\l2 1778
inv2.8:
inv29:

mi_tl e COLOUR

il-tle COLOUR
ml_tl=green=a+b<dac=0
il_tI=green=b>0na=0
mi_tl=red v il tl = red

ml_pass € {0,1}

il_pass € {0,1}

mi_tl = red = ml_pass = 1

il_tl = red = il_pass = 1

ML tl_green
when
mi_tl = red
a+b<d
c=0
il pass =1
then
mi_tl := green
il_tl:= red
ml_pass:=0
end

Concrete m2 ApﬁL

®

variants:
ml_pass + il_pass

IL_tl_.green
when
il_tl = red
b>0
a=0
ml_pass = 1
then
il_tl := green
mi_tl := red
il_pass:=0
end

IL_out_1
ML out_1 when
when il-tl = green
mi_tl = green b#1 ML.in
a+b+1+d then when
then b:=b-1 c>0
a:=a+1 c:i=c+1 then
ml_pass :=1 il_pass:=1 ci=c-1
end end end
ML out2 ILout2 IL.in
when when when
mi_tl = green il_tl = green a>0
a+b+1=d [o=1 then
then then a:=a-1
a:=a+1 b:=b-1 b:=b+1
mi_tl := red c:i=c+1 end
ml_pass :=1 il tl:= red
end il_pass :=1
end




Lecture 3
Part A

Case Study on Distributed Programs -
File Transfer Protocol
Initial Model: State and Events



FTP: Abstraction and State Space in the Initial Model

e YIE e |. XM L o2
chronous Transmission eg- =3 | "§ \ Zdl do. 4% - f-{d, e

§yn . (2 &>s
BINITIAL SITUATIONBIFINAL SITUATION B Static Part of MOdel « d} b4
(ORI SRIS T WAy plStaarted Ancl (3,%)%

BOOLEAN | | axioms: b::l LuactA

axm0_1:n>0

axm02:fel1..nG)D
constants: (DL} Maxm0_3:BOOLEAN={TRUE, FALSE)

j’m:t e
° PO . ﬂ:%,
Dynamic Part of Model elfHY
S =
variables: g@ invariants: Wﬁ fﬁ’/‘ 5;’
!nv0_1a:gege1.. D di,
J inv0_1b : b ¢ BOOLEA
oher ol B a4 ??goml&wl &={()~,€’.2)
“w 1S5 777 aldadts G dz)}
e §=F $ Ty 12




FTP: Events of Initial Model

1 1 1 1
INITIAL SITUATION

o sets: D, BOOLEAN m
‘[g(& A s senders file ready for transmission
b
Voq g — f axioms: :
* | RECEIVER i axm01:n>0 begl /é -
X - axm02:fel1..n—>D 2271
(Am& I axm0_3 : BOOLEAN = {TRUE, FALSE} end b m t
—
| FINAL SITUATION || Seilabiss: © @
| wem | ' enders file transmitted to receiver
f
/ : | invariants: - %L’E
‘“JZ ; 1 inv0la:gegel..n»D b/
Vq E B inv0_1b: be BOOLEAN
0‘, T inv02:b=FALSE =g =2
| — inv03: b= TRUE =g - f =
| [ i




PO of Invariant Establishment init/invO_1a/INV

sets: D, BOOLEAN axioms: )'l >O
axm0_1:n>0 ’P

ot ) axm02:fel..n>D el'”‘._)V

constants: n, axmO0_3 : BOOLEAN = { TRUE, FALSE} MM = .{ WOE F&& g
’
variables: g,b invariants: !‘
\?inv0_1a':ge1..n+>D ’e |..A~P
S inv0_1b: b ¢ BOOLEAN
init inv02:b=FALSE=g=0 ¢

init/invO_2/INV

'Ef’_‘z BW inv03:b=TRUE=g-=f
enb = FALSE s a/___ ¢ A bfg T 4 (SE

Rule of Invariant Establishment n>0
A(C) Components 'ﬁ 1L N->D

_ INV K(c): effect of inits actions BoolEdn) ={TK\)E., FALSE §
Ii( C, K(C)) v’ = K(c): BAP of inits actions =

1]

Exercise: Generate Sequents from the INV rule. HL‘I' ¢




Discharging PO of Invariant Establishment

n>0
fel..n—>D
BOOLEAN = {TRUE, FALSE}

(Z)e 1 ..1.7—/+D

n>0

fel..n—>D
BOOLEAN = {TRUE, FALSE}

|_
FALSE € BOOLEAN

n>0

fel..n—D

BOOLEAN = {TRUE, FALSE}
l_

FALSE = FALSE = g =O

n>u

felt..n—=D

BOOLEAN = {TRUE, FALSE}
'_

FALSE = TRUE = g = f

n>0
init/inv0_1a/INV QRI Ee L

MU
-{mwd :

1 r—
& ol
init/inv0_1b/INV M

& oete] At

ddiw& aﬁeweﬁ

initinvo 2Ny MOK)

=
Rt FauE > 2-0

=

fre - |TREK

init/inv0_3/INV

ﬁmm&ﬂwf =T
@P=H=T
@T>T=T



PO of Invariant Preservation Rule of Invariant

Preservation

sets: D, BOOLEAN axioms: final -

axm01:n>0 when _ A(c)

axm02:fe1..n-D _b:FALSE
constants: n,f . t1en_ |

g=T. - c,v
_ 7T
variables: g, b invariants: er | —
vinv01la:gel..n»D

v,inv0_1b : b ¢ BOOLEAN
Jinvoz :b=FALSE=g=9 EXGT‘CISe

“/inv03:b=-TRUE=g~=f Generate Sequents ro m the INV rule.

ﬁnal/in\‘f{)_la/INV p final /inv0_2/INV KJKUE—) 70
150 ,g/el..ﬂvv 1150

—£A b Ii(07 E(CJ V))

1e1.N>D {fel.N=>V
BoolEdn = S TROE, FJES BoolEAN = £ TRUE; FQJES
§e1.m»D gel.neU
b€ Boolfd« b€ Boottdl
b= ;Amg_,g-ﬁ b= FAMbg-ﬁ
b=TRJE >9=-F b=TRE >9g=F
b= FASE b TAL
oy 'Y



$u.
final/invO_1a/INV ®éaﬁ5¢ final/invO_1b/INV

n>0 J (*W‘ ‘ ) n>0

fe1..@c> fel..n—>D

BOOLEAN = { TRUE, FALSE} BOOLEAN = { TRUE, FALSE}
getl..n»D MOA’I l“{‘-gv gel..n»D

b ¢ BOOLEAN | b € BOOLEAN
b=FALSE=g=g l_ b=FALSE=g =0
b=TRUE =g =f b=TRUE=g=f

b= FALSE ,Pe [LMPD b= FALSE

- ° -

fet. d»)D TRUE e BOOLEAN

n>0 meE-‘- n>0
fel..n—>D = _L fel..n->D
BO?LEAN . D{ TRUE, FALSE}} é"—L BOOLEAN = {TRUE, FALSE}
gel..n» [, gel..n+»D
2f ﬁ'gl_OSLEAN ) MOA] TWE-TRIE = _[,‘; > b e BOOLEAN
b_TRUE =>g—f® AKI_ b=FALSE=g=g
= == b=TRUE=g=f

b= FALSE

b= FALSE
'_

|_
TRUE = FALSE = f = & TR\’E—R TRUE = TRUE = f=f




Summary of the Initial Model: Provably Correct

init
begin
g=0
b:= FALSE

variables:

sets: D, BOOLEAN constants: n,f g:b end

axioms: invariants: .
axm0-1~n>o inv01la:gel..n» D final

. . when
axm0.2:fel. noD inv0_1b : b e BOOLEAN DeEAlEE

axm0_3 : BOOLEAN = { TRUE, FALSE} ko ’;ngEE:gg:fQ’ fhen

g=f
b:= TRUE
end

Correctness Criteria:
+ Invariant Establishment
+ Invariant Preservation
+ Deadlock Freedom




Lecture 3
Part B

Case Study on Distributed Programs -
File Transfer Protocol
1st Refinement: State, Events, Proofs



FTP: Abstraction in the 1st Refinement

mO: most abstract
The file is supposed to be made of a sequence of items.
INITIAL SITUATION| | FINAL SITUATION

SENDER SENDER

! f REQS The file is sent piece by piece between the two sites.

a a

b b g s
(e c 1A !

K
L

RECEIVER

m1l: more concrete than mO

receive receive receive

—_— —




FTP: State Space of the 1st Refinement \(,%M’a@:

l &
. ), (2,1, (3L HoNom
Static Part of Model

f f f f
sets: D, BOOLEAN constants: n,f i e |1 a @ a 1 ne® m a |1
. = 2% S & A7)
b dfiflg=n R 2 T Ot
axm0_3 : BOOLEAN = { TRUE, FALSE} & . \A‘ l QAF &*.
A : \ a 1 . a []
Dynamic Part of Model ,,\~-° Bz b2
variables: invariants: ¢ 7 ¢ { CZ A>3 ( I 2 ¢ %
b,h,r 1:red..n+1
. =* LT | 0-6 {4,060,
3.
77 K€¥ XLk b= o

\‘V

M ( wal o b «/;/ o5
X;rmses t’«ablzrlw«f &F;:(B’VW defwm AT ‘;t

invl_2: elements up to index r - 1 have been transmitted dﬂ "'p)
invl_3: transmission completed means no more elements to be transmitted

- q v/ b ’
thm1_1: transmission completed means receiver has a copy of sender’s file




FTP: Concrete Events in 2nd Refinement

init: getting the transmission ready

it |
“begin 4~ b= FANE

D heo
receive: transmitting element by element

receive

‘ \/ / Yy £
ay M _ when _
axioms: “veter’l” W"e‘ l th h = h (V) {‘ OOO -3
BXm02:f 1.0 D dwyw(-; Jeled g Mww \é
axm0_3 : BOOLEAN = {TRUE, FALSE} “ A", J'OA ?’ S
'fm YM final: finalizing ’rb?e transritésion )ﬁﬂie

variables: invariants: I#’

b,h,r invi1:rel..n+1 dfdﬂ‘_ final b- I k

hen )
inv12: h=(1..r-1)<f N> V= A+l ﬁ e

invi3: b= TRUE=r=n+1 I
— L:= Jrue

sets: D,BOOLEAN constants: n,f

ther

thmi11: b=TRUE= h=f

enda
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